Holography and (l+l)-dimension non-relativistic Quantum Mechanics 
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I generalize classical gravity /quantum gauge theory duality in AdS/CFT correspondence to (1+1)- 
dimensional non-relativistic quantum mechanical system. It is shown that (l-fl)-dimensional non- 
relativistic quantum mechanical system can be reproduced from holographic projection of (2+1)- 
dimension classical gravity at semiclassical limit. In this explanation every quantum path in 2- 
dimension corresponds to a classical path of 3-dimension gravity under definite holographic projec- 
tion. I consider free particle and harmonic oscillator as two examples and find their dual gravity 
description. 
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The holographic principle || asserts that the num- 
ber of possible states of a region of space is same as that 
of a system of binary degrees of freedom distributed on 
the boundary of region. This principle has a realization 
in string theory: Maldacena's conjecture on AdS/CFT 
correspondence ||. This conjecture states type IIB string 
theory in AdSs x S 5 is dual to Af = 4 super Yang-Mills 
theory in four dimensions. In particular, it states classi- 
cal type IIB supergravity in AdSs x S 5 is dual to large N 
limit of quantum Af = 4 super Yang-Mills in four dimen- 
sions. It is well known that quantum mechanics seems 
to be mysterious: In which the position and the momen- 
tum of a particle should be interpreted statistically, or 
equivalently, in Feynman's path integral language, a par- 
ticle motioning between two different space-time points 
will pass all possible paths or trajectories simultaneously. 
These interpretations were abstracted into a few quan- 
tum mechanics principles, such as uncertainty principle 
and superposition principle, which is essentially different 
from action principle of classical mechanics. However, 
in AdS / CFT correspondence we see the duality between 
a classical theory and a quantum theory. It indicates 
that, imposing the action principle plus the holographic 
principle, a classical gravity system can induce a quan- 
tum system which should be in general governed by those 
quantum principles. Then a natural question is, whether 
other quantum systems can be generated from a higher 
dimension classical gravity system via imposing the holo- 
graphic principle? Or classical/quantum system duality 
in AdS/CFT correspondence is only accident? The pur- 
pose of this letter is just to provide some evidences to 
show that the classical/quantum system duality may be 
a general result of the holographic principle. 

In order to achieve the above purpose, we should first 
understand profound physical thought behind AdS / CFT 
correspondence. Here the duality between classical su- 
pergravity and quantum conformal field theory at large 
iV" limit is exactly formalized by Witten's conjecture 0: 

W„[M = -ln<e'/ A ^ W>cFT 

= hvGRA[<t>(z,x) = (t) (Zo,x)] 



dz / d 4 x£suGRA[</>(.z, x)], (1) 



where zq — > oo is cut-off at near boundary, <p(z,x) is su- 
pergravity field and z is holography dimension. That is, 
the generator of connected Green's functions in the gauge 
theory, in the large N limit, is equal to the on-shcll super- 
gravity action. When we compute correlation functions, 



in general it is valid to take ansatz <j>(z, x) 



- x Z(z). 



It means that for every supersurface with z ^constant, 
4> behaves as plane wave, but zq as large radial cut-off to 
regularize divergence corresponds to UV cut-off of quan- 
tum field theory. Then it is clear that quantum effects 
come from propagation of <j) in holography dimension z. 
In other words, from Eq.(|l|) we can say that quantum 
corrections come from summing over all values of 4> along 
the classical path in z-direction. 

Now let us consider a general, but simpler system: 
a particle moving in (2+l)-dimension (denoting coordi- 
nates by (t,x,z)) gravity field. Again, we assume that 
holographic screen is placed at z — zq — > oo and for 
sake of convenience coordinates on this screen are still 
labeled by (t,x). For convenient to discussion we use a 
special holographic map that a point (t, x, z) is mapped 
to (t, x, Zq). In other words, when a particle moves from 



to (*", 



'), an observer locating at the holo- 



graphic screen will see that this particle moves from 
(t',x') to (t",a;")@. Then a classical path in (2+1) 
dimensions will be mapped to a classical path in holo- 
graphic screen. However, this map is not one-to-one. 
Instead, many different classical bulk paths map to the 
same classical path in holographic screen. Do all of these 
projected paths be physical equivalent? In order to an- 
swer this question, let us recall that the classical states 
describing the particle moving in bulk can be labeled 
by \x c i(t), z c \(t) >, and one in the screen is labeled by 
|or c i (t) >. However, it is not true that |x c i(t) > repre- 
sents real physical state in the screen, since obviously 
the information is lost in this map. It conflicts to holo- 
graphic principle which asserts the information does not 
lose in this map. Therefore, we should label the physical 
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states in holographic screen by 

\x(t,z) >= \x(t),z(t) >, 



(2) 



instead of by |x c i(i) >■ It implies that, at fixed t, the 
infinite number of bulk states with x =const. (they fill 
a z-axis) are one-to-one mapped to infinite number of 
boundary states which fill x-axis. The parallel discussion 
can be performed in momentum representation. That is, 



\Px(t,Pz) >= \p x (t),p z (t) > 



(3) 



The Eq. (g), however, induces an additional constrain 
that holographic projection of all parallel paths in bulk 
are physical equivalent since all of these states possess 
same p z (t). According to the above naive discussion, we 
can suggest that (1 + l)-dimension single particle prop- 
agators K(t', x'\ t" , x") defined by Feynman path inte- 
gral should associate classical (2 + l)-dimension gravity 
in terms of the following formula 



K(t',x';t",x") = (vx{t)e*ti d(it!M[l(f) ' i(t)1 



C 



E 



(4) 



all possible 
»(t'),«(t")=-0 



where Lnyi[x(t),x(t)] is Lagrangian describing a quan- 
tum mechanics system of single particle, 5 gr = —m J ds 
is the action describing a particle moving in gravity fields, 
and C is normalization constant. In Eq. (|4|) we have iden- 
tified all parallel bulk paths by one whose one endpoint 
locating at holographic screen (named z(t") = zq). This 
identity means that every quantum path in holographic 
screen corresponds to a classical path in bulk which is 
determined by its initial value z(t'). This is essential 
idea of classical gravity/quantum mechanics duality un- 
der holographic principle. It should be noticed that the 
appearance of Ti in Eq. (|J) is due to requirement of di- 
mensionless but not one of quantization. 

The essential ideas of both Eq. (Q) and Eq. (^) are 
same. That is, at definite limit the quantum system 
can be induced via summing over redundant informa- 
tion after projecting a higher dimensional classical grav- 
ity to lower dimensional. The differences are that Eq. (|l|) 
deal with a system with infinite degrees of freedom, but 
Eq. (jij) deal with finite one. Both of them should be 
treated as corollary of holographic principle. Naturally, 
we can conjecture that this idea is valid for general (1+1)- 
dimension quantum systems, i.e., every (1 + l)-dimension 
quantum system has its dual gravity description. In 
the following, we will consider two examples: (1 + 1)- 
dimension non-relativistic free particle and harmonic os- 
cillator. 

A particle moving in pure gravity field is described by 
geodesic line equation, 



d 2 x t " u dx v dx x 
ds 2 vX ds ds 



(5) 



Conveniently we can take a diagonal metric ansatz, 

ds 2 = f(z)(dt 2 - dx 2 ) - g{z)dz 2 . (6) 

It should be expected that the holographic screen is 
asymptotic Minkowski such that \im. z ^ 00 f{z) —> 1. 
Then performing first integral on equation of geodesic 
line, we have 



(7) 



where dot denotes derivative to t, v x and v z are inte- 
gral constants. To integrate the second equation of (Q), 
another integral constant is induced, which will be fixed 
by constrain z(t") = zq. Therefore, summing over ini- 
tial value z{t') in Eq. (|4|) can be transfer to sum over all 
possible v z or p z = mv z , 




A V'.. r ':/".,",= /^ ( 



iS S r/H 



(8) 



where integrating over p z is usual integral instead of path 
integral, and normalization constant l/2nh is determined 
as like as usual quantum mechanics discussion. At non- 
relativistic limit, the gravity action S« r is approach to 
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dt(x 2 + z 2 ) 



f 



dt[pi + ^(p 2 z + (m 2 -pi)lnf)]. (9) 



In the second line of the above equation we ignore the 
term m J dt since it is independent of dynamics. If we 
take f(z) = g(z) = 1, from Eqs. (§) and (g) we immedi- 
ately obtain 



K{t',x';t",x") = 



2TTih(t" - t') 



e 2n ( t "-t') _ 



(10) 



It is nothing but free particle propagator obtained by 
rigorous calculation of Feynman's path integral. That is, 
if we hologrphically project a classical free particle in flat 
3-dimension space-time to 2-dimension, from viewpoint 
of a 2-dimension observer, the motion of this particle have 
to be correctly described by quantum mechanics instead 
of classical mechanics. 

When we want to obtain propagator of (1 + 1)- 
dimension harmonic oscillator from gravity, however, we 
will meet some unexpectedly difficulties. The main rea- 
son is that the holographic map for this gravity/quantum 
correspondence is no longer "vertical" but should be 
"oblique", i.e., (t, x, z) is no longer projected to (t, x, Zq) 
but in general should be projected to (t, x(x, z), Zo). The 
natural conditions for this projection are: 1) For every 
z = constant, the map between x and x should be one-to- 
one. 2) The holographic screen should be mapped itself, 
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i.e., dx/dx\ 



Z — Zq — >OC 



1, dx/dz\ 



Z — Zq — >00 



0. However, yielded by semiclassical method is 



the above conditions are not sufficient to define of holo- 
graphic projection uniquely. Therefore, it is obvious that 
the full dual gravity description of (1 + l)-dimcnsion os- 
cillator subtly depends on the definition of holographic 
projection. Fortunately, it will be shown that up to sub- 
leading order of Ti expansion, the dual gravity description 
can be uniquely calculated even without knowing any de- 
tails of holographic projection. 

The Feynman's propagator of harmonic oscillator 



K(t',x';t",x") 



a iS c i/h 



2nih sinuT 



(11) 



with S c \ = \mA 2 io 2 dt cos2ujt, where for convenience 
we have taken t' = 0, t" = T and 5(0) = 0. The 
above propagator can be exactly reproduced by means 
of Eq. (@) via 



J 



K{t',x';t",x") 



[ exp / dt (A 2 J 1 cos 2ut + cos u>t )} . 
J zttH 2h J Q m 2 



(12) 



r 



Recalling we are now considering non-relativistic limit, 
up to 0(pz) we can require the second line of Eq. (0) to 



be equal to exponential factor of r.h.d of Eq. (|12|), i.e., 



vl+ f -{vl + {l-vl)\nf) 
9 

A 2 (jj 2 cos 2uit + v 2 cos tot. 



(13) 



Consequently, we can solve f(z) and g(z) to obtain the 
dual gravity description, at semiclassical approximation 
at least. From the second equation of Eq. ([7) we have 



t-t 



dz 



+0{v% 



/In/ 



2(1 -t^) In/ 



(14) 



where to is integral constant and we can conveniently set 
to = due to the reason mentioned previous. Inserting 
Eq. (|l|) to r.h.d of Eq. (JT3J) we have 



A 2 uj 2 cos 2ujt + v 2 cos u)t 

A 2 oj 2 cos [2ujH(z)] + v\ cos [u>H (z) 



(1 - «? 
+0(v% 



cos [2wH{z)\ J 



/ln/ 



where 



/In/ 



(15) 



(16) 



Then we obtain 

cos2ff(z) 
= v 

X 

— = cos H(z) 



h(z) ' 
cos2iJ(z) 
X 



dz 



ln/(2) ! 



(17) 



where z = uiz, x = 1/A 2 uj 2 and h(z) — H'(z). The 
simplest case is v x = 0(n|, in which Eq. JT7j ) simplifies 
to 



X = H u (z) cos2H, 
dk 2xcosi? s'mH xsiniJ 

~dH + = cos 2 2H cos 2H ' 



(18) 



with k(z) = (In/) . From this equation we can unam- 
biguously obtain f(z) and g{z) such that metrics of the 
dual gravity. In fact, for any non-relativistic quantum 
system with Lagrangian 



L(t) = -x 2 ~V(x), 



(19) 



the above method is valid. It also means that the dual 
gravity configuration is independent of the definition of 
holographic projection, up to subleading order of Ti ex- 
pansion at least. 

In fact, the relationship between quantum mechan- 
ics and classical gravity was revealed even far be- 
fore suggestion of holographic principle, in black hole 
thermodynamics J5|, ||. In a long time, however, the 
most of attention focused on quantization of gravity 
and this relationship was neglected. This situation has 
been changed due to recent developments of string the- 
ory. Now more and more evidences show that this re- 
lationship should exist indeed, such that AdS/CFT cor- 
respondence, UV/IR relation and radial/energy-scale 
relation Q in gravity/guage duality, and evaluation of (3- 
function of gauge theory from classical supergravity^j. 
In this letter, I discussed what role the holographic prin- 
ciple plays in classical gravity /quantum mechanics dual- 
ity, and generalized Witten's formula to general (1+1)- 
dimension non-relativistic quantum system. I suggested 
a definition of holography between (l + l)-dimcnsion non- 
relativistic quantum system and (2 + l)-dimension classi- 
cal gravity. In terms of this definition, I found the grav- 
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ity dual of (1 + l)-dimension non-relativistic free parti- 
cle, and harmonic oscillator at semiclassical case. It is 
well-known that path integral formula is complete defi- 
nition of quantum mechanics, and path integral formula 
includes all important ingredients of quantum mechan- 
ics, such as uncertainty principle, quantum superposi- 
tion principle, and interference behavior of quantum me- 
chanics. Naturally, therefore, I can conjecture that, at 
definite limit, action principle plus holographic princi- 
ple in (2+1 )-dimcnsion gravity system is equivalent to 
principles of quantum mechanics in (1+1) dimensions, 
or (l+l)-dimension non-relativistic quantum mechanics 
can be interpreted as holographic projection of classical 
gravity in (2+1 ) dimensions. This conjecture also in- 
dicates that: A observer (A) living in two dimensions 

has to a.ppppt, "mysterious" possibility Hpspription nn mi- 



prosropip world hpransp bis classical mpasnrp mpthorl is 



not sufficient to obtain all information of matter. A ob- 
server (B) living in three dimensions, however, will find 
that he can obtain same information as one obtained by 
observer (A) even using classical measure method only. 
Therefore, from viewpoint of three dimension observer, 
it is not necessary to accept possibility interpretation to 
describe world observed by lower dimension observer. 
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